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Abstract. The micropolar equations are a useful generalization of the classical Navier-Stokes 
model for fluids with micro-structure. We prove the existence of global and strong solutions 
to these equations in cylindrical domains in R 3 . We do not impose any restrictions on the 
magnitude of the initial and external data but we require that they cannot change in the X3- 
direction too fast. 



1, Introduction 

O 

CN Introduced in 1966 by A. Eringnen (see |Eri66j ). micropolar equations became an important 

J>~^ generalization of the classical Navier-Stokes model. These equations take into account that fluid 

molecules may rotate independently of the fluid rotation. Thus, the standard Navier-Stokes 
system is complemented with another vector equation which describes the angular momentum 
l of the particles. If we denote the velocity field by v and the microrotation fields by ui, then we 

fNJ see that (v, uj) has six degrees of freedom. Let us clearly emphasize that ui does not represent the 

rotation field (rot v) derived from the velocity field (v) and in most cases these vector fields differ 
p fundamentally from each other. This phenomenon gains an immense significance for modelling 

some well-known fluids, e.g. animal blood or liquid crystals (see e.g. |PRU74j ). 

In the microscale, when at least one dimension of the domain is only a few times larger 
than the size of the molecules (e.g. blood vessels, lubricants), fluid motions even for isotropic 
fluid can differ substantially from what would follow from the computations based entirely on 
the Navier-Stokes equations (see [SASM02J). This behavior is caused by the dominance of the 
surface stresses over body forces. Although not all the aspects of physical experiments have been 
fully explained but it is justified to assume that the surface stresses and the internal degrees of 
freedom of particles are the deciding factors for properties of fluid motion. 

It is worth mentioning, that apart from A. Eringen, other mathematicians and physicists have 
IO proposed numerous generalizations of the Navier-Stokes equations. The comparison of these 

theories can be found in |ATS73| . For a short historical review we refer the reader to |Luk99| 
\Q Ch. 1, §5]. 

In this work we plan to investigate the global existence of strong solutions to micropolar 
equations which are given by 

j> v 7 t + v ■ Vv — [y + v r )t\v + Vp = 2u r rotw + / in O 00 := Q x (0, 00), 

divv = inf} 00 , 

^ ^ ^ ujj + v • Vw — a Aw — /3V div ui + 4u r u) = 2v r rot v + g in 

v\ t= o = v(Q), u)\ t =o = uj(Q) in fi. 

The unknowns are: the velocity field v, the pressure p and the microroation field uj. The 
viscosity coefficients v 1 v ri a and f3 are fixed and positive. Note that if v r then (1.1 )i 2 an d (1-1)3 
get uncoupled. Therefore we cannot expect better results than for the classical Navier-Stokes 
equations. 

So far we have not specified the domain fi. We assume that is has a product form 

{(xi,%2) 6 K 2 : ( p(xi,x 2 ) < c } x {x 3 : - a < x 3 < a} , 

where the constants a and cq are positive and cp is a C 2 -closed curve in M 2 . Thus, £2 is a finite 
cylinder placed alongside the X3-axis (see Figure [TJ. 
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From practical point of view (blood vessels, lubrication theory) our choice is justified. From 
theoretical perspective, our approach is intensely focused upon search for such solutions that are 
close to two dimensional (see e.g. |Zaj05| , |RZ08| . (ZajllQ. The solutions which are proved to 
exist, can be regarded as a slight perturbation of two dimensional flow along the perpendicular 



direction. This perturbation will be somehow measured by 5(t) (see (2.2)), which we introduce 
later. 

We shall emphasize that since we only require the initial rate of change of the flow and 
microrotation, as well as the derivatives of the external data with respect to 23 to be small, the 
flow alongside the cylinder can be large, but close to constant. 

As far as the boundary condition are concerned, we use 

vn = on S°° := S x (0,oo), 

rot v x n = on 5°° , 

(L2) u = onS?, 

w' = 0, u) 3)X3 =0 on S 2 °°, 

where n is the unit outward vector. The first two equations may be interpreted as tangential 
"slip" velocity being proportional to tangential stress with a factor of proportionality depending 
only on the curvature of ip (see e.g. [CMR98J, [Kcl06j). Such boundary condition was already 
postulated in 1827 by C.M.L.H. Navier. The third equation is clear but from the physical point 
view not necessarily adequate because the molecules may not move but they can rotate (see 
[BS70J). This effect is regarded in the fourth equation (sec |Mig84|). 

2. Notation 

Before we present the main result of this work, we should employ some notation. By O* we 
denote Q x (to,t) where < to < t < 00. A generic constant c may change from line to line 
and is subscripted with appropriate symbol which indicates the dependence on the domain (cq), 
embedding theorems (c/), the Poincare inequality (cp) and viscosity coefficients {c a ^^ V)Vr ). To 
simplify the formulas we will also use 

h:=v >X3 , 9:=u, X3 . 

To shorten energy estimate we introduce 

E v ,u>(t) := ||/||L 2 (* ,i;£ 6 (fi)) + || L 2 (t ,t;£ 6 (fi)) + IK*o) ||l, 2 (fi) + ||^(*o) IU 2 (n) 5 

(2.1) s s 

Eh,e(t) ■= \\f,x a \\L2(to,t;L 6 (Sl)) + \\g,x 3 \\L 2 (to,t;Le{n)) + ||M*d) \\l 2 (Q) + ||0(*o) \\l 2 (Q) ■ 

Finally, the function 

(2.2) 5(t) := U/^llLcn*) + kaJLcn*) + ll rot M*o)llL(fi) + IIM*o)llL(Q) + \\0(to)\\l 2{n) 
will be of particular interest. It expresses the smallness assumption which has to be made in 
order to prove the existence of regular solutions on (to,t). Note that it contains only derivative 
of the external and the initial data with respect to X3. 
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The notation for function spaces is standard and follows [Luk99j Ch. 3, §1.1], [LSU67, Ch. 2, 
53] and |Tem791 Ch. 1, §1.1]: 

• Wp l (£l), where m G N, p > 1, is the closure of C°°(Q) in the norm 



a „,||P 

\a\<m 



H k (£l), where k G N, is simply Wf (fl), 



Wp' (O*), where p > 1, is the closure of C°°(f2 x (io,ii)) in the norm 



t 



H^llwp 2 ' 1 ^*) = y K^O^s)^ + \u, x (x,s)\ p + \u(x,s)\ p + \u >t (x,s)\ p dxds 
ff^fi) is the closure of Cg°(0) in the norm 

Il«llfl3(n) = ( / |Vu(a;)| 2 dx ) , 



n 

• L q (to,ti; X), where q > 1 and X is a Banach space, is the set of all strongly measurable 
functions defined on the interval [to, t\[ with values in X with finite norm defined by 

Nli 8 (*o,ti;X) = ( I \H s )\\ q x&*) , 



to 



where 1 < p < oo and by 



NlUooCto.tuX) = esssup||u(s)||x, 

to<S<tl 



for g = oo. 

• VfiSl*), where fc G N, is the closure of C°°(0 x (t 0j *i)) in the norm 

-ti \ 1/2 



u 



lv*(n*) = esssu PlMlif=(fi) + ( f \\Vu\\ 2 Hk(n) dt) 



3. Main result 

The main results of this work reads: 

Theorem 1 (global existence). Let to = and < T < oo be sufficiently large and fixed. 
Suppose that v(0),U)(0) G H 1 ^) and rot/i(0) G LziQ). In addition, let the external data satisfy 

f3\s 2 = °; S'\s 2 = 0, 

\\m\\L 2 (n) < Wf(kT)\\ L2{n) e-^ kT \ \\f, X3 (t)\\L 2{ n) < Wf,, 3 (kT)\\ L2{n) e^- kT \ 

\\9(t)h 2 m < \\g(kT)\\ L2(n) e-^- kT \ ||^ 3 (*)IU 2 (n) < H X3 (kT)\\ L2(n) e-^ 

and 

snp{f(kT),l X3 (kT),g(kT),g jX3 (kT)} < oo. 



Then, for 5(T) sufficiently small there exists a unique and regular solution to problem (1.1) 
equipped with the boundary conditions (1.2) on the interval (0, oo). Moreover, 

IMIw/f 1 ^) + IMIw! ,:1 (fi°°) + Il v plli2(^°°) ^ su p (ll/IU 2 (fi fcT ) + ll/ ) x 3 ll£2(« feT ) 

\ 3 

+ ll3lli 2 (nfcT) + \\g,x 3 \\L 2 (n*T) + ||w(0)|| H i(n) + l|w(0)||#i (Q) + lj . 
The proof of this theorem is based on the result obtained in [Nowl2, Theorem 1]: 
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Theorem 2 (large time existence). Let E VyU} (t) < oo, E^eit) < oo. Suppose that v(to),cj(to) £ 
H 1 ^), f,g& L2(Q t ). Finally, assume that fs\s 2 = 0> g'\s 2 = 0- Then, for 5(t) sufficiently small 
there exists a unique solution (v,uj) G W^' 1 ^*) x W^'^O*) to problem (1.1) supplemented with 



the boundary conditions (1.2) swc/i £/ia£ 



^Hw 2 ' 1 ^*) + II V pIIl 2 (^) < Ca,v,v r J,P,n\Ev,u(t) + Eh,e(t) + ||/'IU 2 (fi*) + IK*o)||.ffi(fi) + 1 



3 



and 



3 



Mlw^fit) - c <x,v,v r ,I,P,n\Ev,u{t) + Eh,e(t) + ||/'||L 2 (O t ) + lbllL 2 (n t ) 

+ ll«(*o)llHi(n) + ll^(*o)||ifi(n) + l y 
We see that in view of Theorem [2] the extension of solutions up to the infinity with respect to 



time can be done in many ways. A substantive argument would be: if the solution to (1.1) on 
[0, T] is regular and its estimate does not contain any constant which depend on time, then it is 
global. We must emphasize that the existing terminology on the topic is not precise. According 
to some authors a solution is global if the constants are time-dependent, but they do not blow 
up for any finite T. However, in such case it is more accurate to speak about large time existence 
instead of global existence. 



For (1.1) we could not simply put T = oo, because it would lead to improper integrals and 
several technical difficulties. Besides, it would imply that the external data must vanish as T 
goes to infinity. Hence, we adopt an alternative approach. We consider local solution on the time 
interval of the form [kT, (k + 1)T], where k G N and T > is fixed number. Starting with k = 
we let k — > oo, thereby obtaining a sequence of solutions with different initial conditions v(kT) 
and uo{kT). In order to guarantee that this sequence is in fact an extension of solution from 
[0, T], we must control the growth of the initial conditions. Additionally, if / ^ and g ^ 0, 
certain restrictions on the external data must be also imposed. 

Let us now briefly discuss previous results concerning the existence of global solutions of 
strong solutions to micropolar equations. In |Lan76| and |Lan77| Lange proved the existence 



and uniqueness of global and strong solutions to (1.1) in Hilbert spaces when the data are 
small enough. His approach is based on integral equations. This problem was also studied 
by Sava in |Sav78j under homogeneous boundary conditions in the case when the body forces 
and moments are not present. When the external data is present, v is large and the data are 



small in comparison to v problem (1.1) with zero Dirichlet boundary condition was examined 
by Lukaszewicz in |Luk89] and in slightly more general framework by Ortega- Torres and Rojas- 
Medar in [OTRM97J, who in contrast to Lukaszewicz did not assume any decay for the external 
data as £ goes to the infinity. Semi-group approach was explored by Yamaguchi in |Yam05] . He 
established the global existence of strong solutions in case of small data. 

For further bibliographical notes we refer the reader to |RM97| . |OTRM97| and |Luk99| Ch.3, 

§5]- ' ^ 

Summing up: our result is established under smallness assumption not on the data itself but 
on its rate of change along X3-variable. The external data do not vanish as £ tends to infinity 
but exponentially decay on time intervals of the form [kT, (k + 1)T]. The boundary conditions 
for the velocity field and partially for the microrotation field belong to the class of slip boundary 
conditions. 

The rest of this work consists of Section [4] which contains some technical remarks, and Section 
[5] where we give estimates needed to prove Theorem [T] 

4. Auxiliary tools 

In this Section we present some technical facts which are essential for further considerations. 
Lemma 4.1 (On integration by parts). Let u and w belong to i7 1 ($7). Then 

rot u ■ wdx = / rot w ■ udx + \ u x n • w dS 
<> Jn Js 

rot w ■ udx — / w x n ■ u dS 
u Js 
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Proof. It is an easy exercise. □ 
Lemma 4.2. Suppose that 

rot u = a in Q, 
div u = (3 in Q 
with either u ■ n\s = or u x n\s = 0. Then 

Proof. For the proof we refer the reader |Sol73| . where general overdetermined elliptic systems 
are examined. In particular, the case of tangent components of u is considered. □ 

Lemma 4.3. Let v, and f >X3 be given. Then the pair (h, q) is a solution to the problem 
h,t — (f + v r ) Ah + Vq = -v- Vh - h ■ Vv + 2v r rot 6 + f >Xs in D,*, 
div/i = in fi*, 

(4.1) roth x n = 0, h ■ n = onSj, 

= 0, h 3;X3 =0 on Si, 

h\ t =t = h(t ) in Q. 

Lemma 4.4. Let h, lo, g' and g tX3 be given. Then the function 8 is solution to the problem 
>t - aA6 - (3V div 6 + Av r 6 = -h ■ Vw - v ■ V9 + 2v r rot h + g, X3 in Q*, 

6 = onS{, 

( 4 - 2 ) , 1 , 

9 3 = 0, 6' = g on S\, 

' 3 a 

9\ t =t = 6{t ) %n fi. 



Proofs of Lemmas 4.3 and 4.4 are given in |Nowl2| . 

Remark 4.5. Let us notice that for the functions h and 9 the Poincare inequality holds. Indeed, 
since h! vanishes on 52 we only need to check if the integral of h% over Q equals zero. We have 

Jfl J il JS2(x3=—a) J 82(3:3=0,) 

For #3, which vanishes on £2 it is also obvious. For 6' we simply calculate the mean value: 

6'dx = I uj[ X3 dx= I oj'dx'- J u)'dx' = 0, 



which follows from (1.2)4. 



Lemma 4.6. Suppose that h is a solution to (4.1). Then 

\\h\\if 2 (n) < c dl A/j IU 2 (n)- 

Proof. Consider 

rot rot h = a in f2, 
div h = in U, 
rot h x n = on 5i, 
rot h ■ n = on 52. 

Introduce a partition of unity X^fcLi Ck( x 3) = 1- If we denote u = rot h^, then the above system 
becomes 

rot u = a + 2V/i • V^fc + hA(j, in supp Cfc H fi, 

div u = in supp Cfc H fi, 

u x n = [0, 0, hiC, kyX3 ni + h 2 (k,x 3 n2] on suppCfc n Si, 

■u • n = on supp Cfc H S2 . 

Note, that the boundary condition on supp^ n Si is equal to zero which follows from (4.1>3. 
There are four cases to consider: 
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(4.3) 



1. supp£/% fl S = 0.: The boundary conditions is u = 0. From Lemma 4.2 we get 

IMItfHsuppCfcnQ) < c n (||a||L 2 (su P pC fe nQ) + II ^ h \\ L 2 (su PP c k nn) + INU 2 (su P pCfcnn)) • 

2. suppCfe fl S\ 7^ 0, suppCfc n S2 = 0.: On the set suppCfc H Si we see that u x n = 0, 
whereas on <9(supp (j. fl fi) \ (supp Cfc H Si) we have tZ = which in particular means that 
u x n = 0. Next we transform the set supp Cfc H into the half-space and utilize Theorem 
5.5 from [Sol65j. It yields (|4.3|) but in the half-space, i.e. 



3. supp Cfc H Si 7^ 0, supp Cfc n S2 / 0.: Observe that u ■ n\s 2 = rot h • n\s 2 = 44> h,2, X i — 
hi iX2 = 0. On the other hand we already know that h'\s 2 = and h 3jX3 = on S2 (see 
(4.1 14). Therefore we can reflect the function h outside the cylinder following the formula 



h{x) 



h(x) X3 E supp (k H 

(/j'(x), -/i 3 (x)) x 3 < -a, 
(h'(x),-h 3 (x)) x 3 >a, 



where x = (x' , —2a — x 3 ) and x, = {x' ,2a — x 3 ). We easily check that u x n = on 
supp Ob H 5*i and n = on 5(suppCfc H f2). Then we follow Case 2. 
4. supp Cfc fl Si = 0, supp Cfc H 52 / 0.: On supp CfcHS^ we have u-n = and on <9(supp Ojfl 
fi) we get u = 0. Next we map supp 0b n O into the half-space and utilize Theorem 5.5 
from [Sol65j. It yields (4.3) in the half-space. 

Summing over k yields 

||rot/i|| H i (Q) < c n (\\a\\ L2{n) + \\h\\ H i {n) ) = c n (\\Ah\\ L2{n) + \\h\\ H i {n) ) . 
From the above inequality and using (see |Nowl2[ Rem. 8.3]) 

( 4 - 4 ) IWItf*+i(n) ^ c ^ll rot/i ll^(n) 

we deduce that for a = rot h £ H 1 ^) 

\\ h \\m(U) < cn||a||/fi(n) = cn||rot h\\ H i {n) < c n (\\Ah\\ L2(n) + \\h\\ H i(n-)) . 



Eventually, we demonstrate that ||/i||iji(n) < ll^^llL 2 (n)- Again, from (4.4) it follows that 
ll^lllfi(n) < cn||rot /i[|x, 3 (n) = cn J rot h ■ rot h dx = J rot rot h ■ h dx — J rothxn-hdS, 

where we also used Lemma 4.1 The boundary integral vanishes on S\ due to boundary conditions 
(4.1 (3. On £2 it can be written in a form 



h x n ■ rot h dx 



s 2 



and since h x n\s 2 = [— h>2, hi, 0]\s 2 = 0, where the last equality follows from (4.1 (4, we get 

H^ll/fim) < C Q / rot rot h ■ h dx = — cq / Ah-hdx. 
Jn Jn 

Now we use the Holder and the Young with e inequalities, which results in 



H i(n) ^ c n||A/ 



\L 2 (n) 



and ends the proof. 



□ 



Lemma 4.7. Let E VjW (t) < 00 (see (2.1 \i). Then for any to < t < ti we have 

\\ v \\v§{^) + IMIv 2 (Qi) < c a , u ,i,nE v>UJ (t). 
Proof. This was proved in |Nowl21 Lemma 8.1]. 



□ 



global existence of strong solutions 
5. Uniform estimates of solutions 



We begin with certain refinement of the fundamental energy estimate for the function v and 
uj in the norm L oc (to ) t\\ L^^l)). 

Lemma 5.1. Suppose that v(to),u(to) £ £2^) o,nd f,g G L 00 (to 1 t]L2{Q))- Then 



(A) 



| 2 (n) < c a,f,0 (ll/lli^^o.tsLaCn)) + IMlLofa^-M"))) 



//, in addition we assume that 



+ ( k ll«(*o)||i a( n) + l|w(to)lll 3 (n) 

l|/(i)lk(n) < ll/(io)||L 2 (n ) e- (t - < " ) , 
l|<?(*)IU 2 (n) < ll5(to)||L 2( n)e- ( *-' ()) 



min{ci 



(t-to) 



then (A) implies 



(B) 



N*)lli 2W + Hi)ll£ 2W <f ll/(*o)||i 2( n) 



-(t-to) + f*> 



a 



l</(*o)|| 



+ (lb(*o)|li 2( n) + ||a;(to)||i 2(n) 



L 2 (Q) e 

min{a,zy} 



-(t-*o) 



(*-to) 



To prove the above lemma we essentially follow the standard way of obtaining the basic energy 
estimates, however the final estimate is calculated in a slightly different way. 



Proof. Multiplying (1.1 )i 2 by v and oj respectively and integrating over Q yields 
1 d 



2(1| v ,Ni 2 (fi) + IMlL(n) 



v + v r ) I Av-vdx — a / Aw ■ wdi - j3 I Vdivw-wdx 
n Jn Jn 



+ / Vp-vdx + / v-Vv-vdx + / v ■ Voj ■ oj dx + Au r \\oj\\ 2 Lr 
Jn Jn Jn 



(«) 



2i/ r / rot oj ■ v dx + 2v r I rot t> • u> dx + / f-vdx+ I g-udx. 
In Jn Jn Jn 



In view of (|1.2|)i and from divu = we immediately get that 

v ■ Vv ■ v dx = 0, 
v ■ X7oj • oj dx = 0, 
Vp • v dx = 0. 



By the application of Lemma 4.1 we see that 

-/ 



Av ■ v dx 



rot rot v ■ vdx 



/ |rotu| 2 + / rotvxn-vdS 
Jn Js 



and 



/ Aoj-oj,dx = / rot rot oj ■ oj — V diva; • oj dx = / |rot oj\ 2 + |diva;| 2 dx 
Jn Jn Jn 



+ / rot uj x n ■ oj dS + / dwuj(uj ■ n) dS. 
Js Js 



In view of the boundary conditions ( 1.2 ) all above boundary integrals vanish. On the right-hand 
side we have 



rot uj ■ vdx 



I rot v ■ ojdx + / uj x n ■ v dS, 
Jn Js 
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where we applied Lemma 4.1 Next we see that the boundary integral vanishes on S\ since 
nd on S2 oj x n = [— u)2,tOi,0] = holds, which follows from (1.2)4. Thus 

l ro Ml! 2 (si) + «ll rotw lli 2 (c) + (« + ^)l|di vw lll 2 (n) 

|f 2 m\ = 4i/ r / rot?;-u;dx + / /-uda;+ / g-wdx. 
Jn Jn Jn 



= and on S2 w x n = [- 

1 d / 2 2 \ 

2^ (,Flli 2 (n) + IMlL 2 (n), 



Now we 



+ 4 "r|Mli a (n) 

make necessary estimates. From Lemma 4.2 for u = to it follows that 
^-\H\ 2 mm < a (llrotwll^nj + ||divw||| 2(n) ) , 

— \\vf H i { n) < "\\™tv\\l 2 (ny 
By the Holder and the Young inequalities we obtain 

■udx < 4i/ r ei||rotv||| a(n) + ~\\u\\l 2ia) , 

i a (n) + ^rWf\\l 2 (n) < e 2|b H^si) + 4^ll/lll 2 (Q)> 

/" 1 1 

/ g-todx < e 3 \\io\\ 2 L2{n) + — ||ff||| 2(n) < e3||w||^i (n) + j-\\g\\ L2{Q y 
*j ^\ 3 3 

< IMIfr^fi) and IMU 2 (n) < 
+ 2^H u llL(n) + ^HMlL(n) ^ S|ll/lli 2 («) + §NlW 



Av r I rot t> • to < 

> /-udx<e 2 Hi a( n) + ^ 



Jn 



set ei = i, e 2 = e 3 = Since |M| i2(n) 




Now we 
finally get 

2^11^) + II- 
With c a;I/) Q = mm fa> u } ; the above inequality becomes 

d // 2 11 m2 

^ ^FlliaCn) + IMIl 2 (si) 

Integrating with respect to t € (io 5 £l) yields 



we 



^v'^'W^ + fll^W 



ll«(*)lli a (n) + lk(*)llL(n). 



, e W<2» t\\f(s)\\l 2{n) e 5 — s ds 

J to 



or 



equivalently 

ll^)ll! 2( n) + IK0llL(si)<^ 



+ ^ rii5( S )n! 2( n)^ s d S + (ih(to)ii! 2{Q ) + \Hto)wi 2{n) ] 

^ J to 



_|_ Cn e -ca,u,gt 
a 



ll ! 2( o ) e 5 ^d S + (\Ht )\\l {Q) + ||o;(to)||I 2(n) ) e-^^'o), 



■/to 

which proofs assertion (A). 

Next we use the assumption on the external data in the above inequality 



^ e -5,,,,nt I \\f( s )\\l (n) e^.". na da + — e-^-.°* / 



^-^.n* /" || (a)||2 a(n)e ^,n« da 



< ^e- 5 -.^||/(t )||! 2(n) j'e-^e^ds 

^e-~ c ^ nt \\g(t )\\l m f e-^e^^ds 
a Jto 



+ — e 



<vll/^)llLw e-( " to) + ?H^*o)llL(n) e ~ ( ^ o) - 
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Thus 

Mt)\\l 2in) + IK*)HL(Q) < f ll/(*o)lli 2 (0)^ ( ^ o) + C f\\9(to)\\l 2i nf- {t - ta) 



+ (ll«(*o)llL 2 (n) + llw(*o)|li 2(n) 



which is precisely assertion (B) of lemma. □ 

Lemma 5.2. Suppose that v(to),u(to) G H 1 ^). Assume that 

l|/(*)IU a (n) < ll/(to)IU 2 (n)e- (t - to) , ll/^WIkcn) < ll/^IU^e"^, 

I|5WIU 2 (Q) < ll5(io)||L 2 (n)e" ( *- io) , ||^ 3 (t)IU 2 (Q) < ll9,x 3 (to)||L 2 (n)e- ( " o) 

/or to < i < TVien 

l|w(*i)llffi(n) + - ^^W.p.fi^i) (l|v(*o)||jyi(n) + ||w(to)||ji(n)) > 



where 



lim c„ a s r pn(ii) = 0. 



Remark 5.3. We have assumed an exponential decay with respect to time on the external data 
and their derivative along the axis of the cylinder. The reason underlying this assumption follows 
from the necessity to control the amount of the energy supplied to the system. If we consider 
the global in time existence, the supplied energy must be balanced by the rate of its lost due 
to friction, otherwise the system blows-up. However, we emphasize that this exponential decay 
with respect to time for the external data has only a local character. If t\ denotes the end of the 
time interval under consideration, then 

lim||/(i)|| i2(f ^ Iim||/(t)|| £a(n) 

and analogously for the other external data. The right-hand side limit can be even much larger 
than the left-hand side limit. 

Note, that alternatively we may attempt to analyze carefully the direct correspondence be- 
tween the energy input and loss which is likely to result in different assumption on the external 
data. However, it is beyond the scope of our study. For further reading we refer the reader to 
|LL87] . 

Note also, that if we had the Poincare inequality for / and g with respect to X3, we would 
be able to relax the assumption on the exponential decay of the external data and limit our 
considerations only to their rate of change. 



Proof. First we multiply ( 1.1 Ij 2 by —aAv and — aAu — /3V diva; respectively and integrate over 
Q. It yields 

(5.1a) — a v t t • Av dx + (y + v r )a\\ Av\\\ ,q\ — a I v ■ Vv ■ Av dx — a / Vp-Avdx 
Jn Jn Jn 

= — 2u r a / rot a;- Aw dx — a / f-Avdx 
Jn Jn 

and 

(5.1b) - / ui tt ■ (aAuj + /3Vdivui)dx+ / {aAu + /3V diva;) 2 dx 
Jn Jn 

— Av r / u • (aAu + /3V div ui) dx = —1v r I rot v ■ (aAu + /3V diva;) dx 
Jn Jn 

- / g ■ (a Au + /3V div u) dx + / v ■ X7u ■ (aAu + f3V div u) dx. 
Jn Jn 

By application of Lemma 4.1 we see that 

— a f v t t ■ Av dx = a I rot v t t ■ rot v dx + a f rot v x n ■ v 7 1 dS = - — a f |rot v\ 2 dx, 

Jn Jn Js 2 dt J n 

— a X7p-Avdx = a / rot Vp ■ rot v dx + a / rot v x n ■ VpdS = 0, 
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where we used the boundary conditions (1.2)2- From the vector identity -Aw = rot rot uj — 
Vdivw and Lemma |4, II it follows that 

— f u) t fAu>dx = J ljj ■ rot rot cj — Vdivwdx = - — / |rotw| 2 dx — f w t X n ■ rot to dS 
Jn Jn 2 dt Jn Js 

+ J u) : t ■ V div to da; = — — / |rota;| 2 + |div to\ 2 dx — f div to (ujj • n) dS. 
Jn 2 dt Jn Js 

The boundary conditions (1.2)4 imply that to 1 , \s 2 = 0. Thus, divw|5 2 = 0. Since uj\s 1 = => 
w ,t|si = and u t x ft = [ — k>2,t, t, 0] = we see that the boundary integrals vanish. Therefore 

— f w t ■ (a Aw + /3 V div to) dx = ^ ^ f a|rotu;| 2 + (a + /3)|divw| 2 dx. 
Jn 2 dt J n 

In the same manner we get 

— / to ■ (aAu + /3Vdivw) dx = / a|rotw| 2 + (a + /3)|divw| 2 dx. 
Jn Jn 

Moving to the first term on the right-hand side we encounter a problem with the integral 

(3 / roti> • Vdivwdx. 



We easily see that the application of Lemma 4.1 or integration by parts lead to a boundary 
integral, either 

/3 / v x n • V div uj dS or (3 div uj rot v ■ n dS. 



We are not able to compute these integrals, because the boundary conditions (1.2) yield insuf- 
ficient information. The first integral contains second-order derivatives of to, which makes it 
impossible to estimate by the data in any suitable norm. For the second we apply trace theorem 
and interpolation inequality, which we shall present later. For now we only write 

— / rot v ■ (a Auj + /3V div uj) dx = a / rot v ■ rot rot uj dx — (a + jS) / rot v • V div to dx 
Jn Jn Jn 

= —a / Av • rot to dx — a / rot v x n • rot to dS — (a + (3) / div to rot v ■ n dS 
Jn Js Js 

= —a / Av • rot to dx — (a + (3) / div to rot v ■ n dS. 
Jn Js 

Finally, we rewrite (5.1) in the following form 

, \ 1 d 
(5.2) 



i i a|rott>| 2 + a|rotw| 2 + (a + /3)|diva;| 2 dx I + (v + z/ r )a|| Af|| 2 
2 dt \Jq J 

+ || a Aw + /3 V div a; || 2 2 (q) + 4i/ r a J |rot uj\ 2 + (a + /3)|diva;| 2 dx 

= — \v r a J rot a; • Av dx — 2u r (a + (3) / div to rot v ■ n dS + / v-Vv-Avdx 
Jn Js Jn 

+ / v -Vuj ■ (a Auj + f3V div uj)dx - / f-Avdx- / g ■ (a Auj + f3X7 div to) dx 
Jn Jn Jn 

6 
fc=i 

We shall estimate Ik by application of the Holder and the Young inequalities. Two first one is 
obvious: 

h < 4ivot || rot w [| ^(n) ] I Aw || ij, (n) < 4^aei|| Au||| 2(n) + -^||rota;||| 2(n) . 
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For I2 more work is required. From the trace theorem it follows that for e > 

h < 2i/ r .(a + /3)||diva;|| i2 ( S) ||rotu-n|| L2 ( S ) < v r (a + /3)||divw||| 2(s) + u r (a + /3)||rot v||| 2(s) 

< c^v T (a + /3)||diva;||^i_ + c n (a + £)||rotu||^i 

Now we use an inequality of Gagliardo-Nirenberg type (see |CD00| Ch. 1, Rem. 1.2.1]) 

\\r\Ur, ,ll 2 < \\i .II 26 \\< A\ 2{ ~ X ~^ 

Ilrntull 2 < Il7,ll 2e Il7,ll 2(1 ~ e) 



where 9 satisfies 



which allows us to set 9 = § . Thus, by the Young inequality with e 
|2 



1 1 



divwl 1 < I \oj\\ 2 ' ' 2 

' 1 



Finally 

^2 < Cn^r(« + P)e2i\\^\\ 2 H 2( n) H : 1 ^ , 



cn^ r (a + (3) 2 



CQi/ r (a + /3) .. 2 



+ cn^ r (a + /3)e22||«||jf2(Q) + - II r 

For the nonlinear terms we have 

h < \\^v\\ L2(u) \\Vv\\ Lm \\v\\ Loo[u) < e 3 ||A«||| 2(n) + ^HVvlli^lMli^n) 

and 

I 4 < \\aAu + (3V divuj\\ L2{n) \\Vu\\ L2{n) \\v\\ Loc{n) 



< e 4 (a + P)\\v\\ 2 m(a) + ^^\\Vu\\l 2{n) \\vf Loo{n) . 



The two last terms are estimated in a standard way 

1 
4^ 



1 „ „„ 2 



h < e5||Au|| L2(n) + — UJ UL2(n) , 



h < e 6 (a + P)\\uj\\ H 2 {n) + -^—11^11x2(0)- 
Before we chose e$, i = 1, . . . , 6, we justify the following inequality 

»( ) < c n||A7j||| 2(n) . 



( 5 - 3 ) l|v||H2 (n) < c n ||Au|| L 



If we put u = rot u (we see that u x n|s = 0) in Lemma 4.1 then we get 

ll ro MI//i(n) ^ c d|rotrotu||! 2(Q) = cn||Au||| 2(n) . 

On the other hand, let now u = v (we see that u ■ n\s = 0) in Lemma 4.1 and use the above 
inequality. Then 

Nlir^n) < c n \\rotv\\ 2 H1{n) < cn\\Av\\ 2 L2{n) . 

We set 

1 

£2\Cq.v t {ol + /3) = e 4 (a + /?) = e 6 (a + /3) 



6(cn(a + /9) + l)' 

e22C n V r ( a + P) = e 3 = €5 

D 
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Thus, we get from (|5.2|) that 
1 f & 



(5.4) 



2 Vdt 



J a | rot v\ 2 + a|rot oj\ 2 + (a + /3)|div uj\ 2 dx^j + 



va 



\ v \\H 2 (n) 



+ 



2(cn(a + /3) + l) 



llff 2 (n) 



3c^ r 2 (a + /?) 2 (cn(a + /3) + l) n 2 , 3c^ r 2 (a + /3) 2 „ 2 
^ o IMlL 2 (fi) + ^— IMIl 2 (q) 



+ 



2va 



ll v ^llz, 2 (n)IMlL(n) 



3(c Q (a + /3) + l)(a + /3) 2 



H Vw llL(n)ll u llL(n) 



3 2 , 3(cn(a + /3) + l)(a + /3) 2 || 2 
2^ li;ili 2(n) + 2 Il5lli 2 (n)- 



where we use (5.3) at the end. The next step is to estimate the ff 2 (f2)-norms on the left-hand 
side from below by L2(^)- n orms of rotf and rota; + divw. For any u G H 2 {Q) we have 

2 (ll ro Hl! 2 (n) + ll divn ll! 2 (n)) < Nll^n) - W u W 2 H'\ny 



Let 



Then 



(5.5) 



va 
2^ 



ci = mm 



1 



cn' (c n (a + /3) + l) J ' 



2(c n (a + /?) + !) 



a; 



11^2(0) > y (lMI^(Q) + H^llir2(o)) 



> 



ci 



, v ll rotw llL 2 (n) + ll rotw llL 2 (n) 



+ ||div£ 



l£ 2 (fi) 



> 



ci 



4(a + /3) + 25 



a|| rot?; lli 2 (o) + / 3 ll rotw lli 2 (Q) + (« + /3)l|diva;||| 2(n) 



where <5 > 1 will be chosen later. On the other hand, in view of Lemma 4.2 we already know 
that 



ll V Hli 2 (n) < Nljfi(n) < cn||rotf|| 2 2(n) , 
l|Vw||i 2(n) < ||w||lri(n) < c n (||rot w||^ (n) + ||diW 2 



Let 



c 2 = max < — , 3(cn(a + 0) + 1) (a + /3) 2 

c 3 = max |3c^z/ 2 (a + /3) 2 (c^(a + /3) + 1) 
Denote 



3c^ 2 (a + /3) 5 



va 



3(c n (a + £) + l)(a + /3)' 



X(t) = a||rot«(t)|| 2 2(n) + a||rota;(t)||| 2(n) + (a + /3)||diva;(i)|| 2 2(n) . 
Then, combining (5.5) with (5.4) gives 

1 d 



2 dt X ^ + 4(a + (3) + 25 



X(t) 



< 



c 2 



l«HL(n) x (*) + | (ll/lli 2 (n) + llffll! 2 (fi) + IkllL(n) + IMl£ 2 (n)) 
which is equivalent to 

^) + ( 2(a + % + tf -*"w"))^) 

<C3(||/Il! 2( n) + Il5ll! 2 (u) + Iblll 2 (n) + Il^ll 2 



d 

dt 
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We may also write 



^ (x(t)e 2 C<»+W ~ C2 -O^W") ds 

< c 3 (||/||! 2( n) + \\9f Lm + IMl! 2 (n) + MlLpi)) e»^^0««llioo(n>* 
Integrating with respect to t £ (to, ii) yields 

< c 3 (ll/WIlL^) + k(*)llL(n) + \Wt)\\l m + ll«(*)ll!,(n)) 

•/ to 

. e 2( Q +«+**- c 2 /4 ll^( s )ll! oo( n) ds di + X(t )e 2 ( Q +«+ ai ° . 
Next we divide both sides by e 2 ("+«+« 4l " C2 11 v{s) 11 *«, («) ds . It gives 
(5.6) X(tx) < C3e -3l=Sj+i tl+<a J'4 l ll , 'Wllioo(n) d « 

•'to 

+ X(to)e~ ( fl - f °) +C2 -Ao H')Hwn) ds . 

Consider the integral with respect to t on the right-hand side. Since ||u(s)||^ ^ is non-negative, 
we can write 

e 2( a + 1 /3)+s t ~ C2 /t H l '( s )ll| oo (n) < g2(a+£)+«'_ 



By assumption and assertion (B) from Lemma 5.1 we see that 
(5.7) C3e - 2( a +W 1+C2 iio^WlllocW ds 



ti 
to 



(ll/(*)HL(n) + ll^)llx,(n) + IK*)IIL(0) + ll^(*)HL(n)) • e^»^^^dt 



c 3 e 

ti 



< e- e - 2(a+W+^ l+ C2 fto ll^Wlll^di) ds 



to 



(ll/(i)ll! 2( n) + ll*(*)llL(n) + IK*)llL(Q) + H^)llL(n)) • e*efa**dt 
ll/(io)HL ( n) + (l + f ) 11^)111,(0) + IN*o)lH 2( n) + \Ht )\\l 2(n) ) 

_ t in { li2 H^i} ( ^ 0) 



tl 



e 2(Q,+/3)+«" . e ' <=o J v u 'dt. 

<0 



Now we chose 5. Two cases may occur: 
1. a < cq V v < Cfi.: In this case 

min{a, v\ \ minja, v\ 
min < 1, 



cn J cq 
so we chose such 5 that it satisfies 

d mm{a,u} acn - 2mm{a,v}(a + (3) 

(O.O) — — < U <=> ; - < 0. 

2{a + p) + o cq mm{a, v) 



14 



BERNARD NOWAKOWSKI 



Then 



/to 



c 3 e 



£1 f* 1 llufslll 2 dl I mi "{ Q >"} f„ 1 f £1 min{a,^} \ 

2( a +p)+S tl+C2 Jt W V ( S >\\L x (Sl) aS+ c n t0 p \2( a +/3)+S c n J 1 



CI 



min{a,v} 



2(a+/3)+5 c n 

£1 

< c 3 e 



to 



min{a,^} 



c n 2(a+/3)+5 

2. a > cjj A y > cr;.: Now we have 

. min{a,i/} 
mm < 1 , > = 1 . 



Since cn(a + /3) + 1 > 1 we see that c\ < 1. It is enough to set 5 = 1. Then 

ci 



2(a + /3) + l 1<0 



and 



C3e - 2 ( a +Ws *i+ c 2 //oli^Wliioc (n) ds f h e Wn+s * . e - min { 1 - 2 ^ i }(*- t ") di 



to 



2(^+1 ii+Q /to IkO) lli^fo) ds +*o 1 c (2fa+m+i 



c 3e Cl 



2(a+/3)+l 

< C3e _ 2(a+is) + l 



-')' 


fl 






to 


(O) ds 




1 - 



Cl 



2(a+ / 3)+l 

In both cases we have obtained an estimate of the form 

C,, a , / 3,QC 3 e-^OT( tl -* ) +C2 i'4 1 ll' u ( s )ll!o O (O) ds , 



where either 5 = 1 or 5 satisfies (5.8). Putting the above estimate into (5.7), we get from (5.6) 
that 

X(h) < c^^Qe-^^^-^+^/tol^Wlllo.cn)^ 

• cu,a,n (ll/(*o)HL(Q) + ll5(to)HL(Q) + Hto)f Lm + \Hto)\\l 2 (n)) 

+ X(t )e~ ^- f o) +C2 Sto II^WHI^cn) ds . 



In view of Lemma 4.2 and an obvious inequality a < a + /3 we can rewrite the above estimate 
in the form 



■ c u , a ,n (||/(to)||! 2( n) + ll5(*o)||! 2 (n) + IK*o)lli a(0 ) + IM*o)||£ a( n)) 
+ 2(a + /3) (||,(t )|| 2 H 1( n) + IK*o)||^ ( n)) e-^^^^^^ 63 . 
Next observe that since H 2 (fl) Loo(f2), we have 

Integrating this inequality with respect to t € (to > ii ) an d utilizing the estimate from Theorem [2] 
we obtain 

h 

2 j „ ^ „_||„.||2 ^ „_ll..l|2 



to 



< C n 



Hs)\\ Loo (n)ds < ci\\v\\ L2{toM . H2m < ci\\v\\ w ,, 1{nH) 



(E'lJh) + El/tx) + \\f'\\l 2{ntl) + ||u(to)||^i (n) + E v ,Uh) + Mto)\\m(n) 
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By assumption on /, g, their derivative with respect to X3 we see that 
E v , u (t{) + E hfi (ti) < cn(\\v(t )\\ H i^ + \\u(t )\\ H i(n) + ||/(*o)||x 3 (n) + l|ff(*o)IU 2 (n) 

+ \\f,x 3 (t )\\L 2 (n) + \\9,x 3 (to)\\L 2 (n))- 



K s )llL,(n) da < (lk(*o)||ffi(n) + l|w(*o)||ifi(n) + ||/(*o)IU 2 (n) + ||s(*o)IU 2 (n) 



Thus 

/ IK*)I' 2 
J to 

+ (*o)||x 2 (r2) + l|^ s (*o)llza(n) + 1)' 

and therefore for ti large enough we have 

:(h-t ) + C 2 [ 1 \\v(s)\\ 2 r (n) ds<0, 



to 



2(a + + 
which implies that 

llwfaOllfl^n) + l|w(ti)||fri(n) < c I /, a ^,/ ) p,n(ii) (IKfo)llfli(n) + l|w(io)||jfi(n)) , 

where the function Cv ia ,p,l,P,n{tl) has the property that lim^-Kx, c Vi a,p,I,P,n{h) = 0. This con- 
cludes the proof. □ 

Lemma 5.4. Suppose that Toth(to),h(to),u!(to) 6 H 1 ^), fs\s 2 = 0, </|s 2 = 0- Assume that 
\\f(t)hm < \\f(to)\\L 2 (n)e- {t ~ to) , WUsWhrn < \\U(to)\\L 2i n)e- (t - to) , 

\\g(t)\\L 2 (n) < \\g(to)\\L 2 (n)e- {t - to \ \\g, X3 (t)\\ L2 (ci) < \\g,-, 3 (to)h 2 (n)e- {t - to) 

for any to < t < t\. Then 



rot 



m\\i 2i n)+mi)\\i m + \\m\\ L(H) 

< 



|rot^(to)||! 2(n) + ||M*o)||| 2( n) + ||«(td)|li a( n)- 



Note, that we have assumed that the fs and g' vanish on £2. Both functions appear in 
boundary integrals which need to be estimated. Although it is possible, but it leads to the 

presence of cj M|^Hi 2 (Q) + H^Hi 2 (C)) 011 ^he right-hand side. Since cj is out of control we are 
unable to ensure the uniform estimates analogously as we did in Lemma |5.1| 



Proof of Lemma 5.4 We multiply (4.1 )i by — Ah and integrate over Q, which yields 

(5.9) - / h, t - Ahdx + (v + u r ) / \Ah\ 2 dx - / Vq-Ahdx 
Jn Jn Jn 

= / v-Vh- Ahdx + / h ■ Vv ■ Ahdx - 2v r I mtO-Ahdx- / f, X3 -Ahdx. 
Jn Jn Jn Jn 

For the first term on the left-hand side we have 
h t • Ah dx = / hf rot rot h dx 



n 

1 d 
" 2dt 



/ I rot h\ 2 dx + / h t t ■ rot h x n dS\ + / /&2,t (rot h) 1 — hi t t (rot h) 2 dS2 
Jn Jsi Js 2 

rot h\ 2 dx 



'2 

/Si Js 2 

1 d 



2dt 



where the boundary integrals vanish due to the boundary conditions (4.1)3,4. 
The third term on the left-hand side in (5.9) is equal to 

• rot rot hdx = / rot Vq • rot h dx + / Vq ■ rot h x n dS\ 
Jn Jsi 



+ / q jX2 (rot h) l - q >Xl (rot h) 2 dS 2 = 0, 

JS 2 
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which follows from (4.1)3 an d 

q\s 2 = -v-Vv- n\s 2 + /3|s 2 + 2u r votu • n\s 2 = f 3 \s 2 = 

because we assumed that fs\g 2 = 0. 

Consider next the first term on the right-hand side in (5.9). Since divv = we may integrate 
by parts, which yields 

/ v-Vh- Ahdx< \\Vv\\ Lm || Vh\\ Lm ||rot/i|| ia( n ) + / (y ■ V) h ■ (rot h x n) dS 
Jn Js 



< eiC/||V/l||^i (n) + ^-||V«||| 8(n) | mm - ' I.' / »!!//-,()) 



1 



\2 I 
\Le(P)\ 



mth \\l 2 (n) ^ e i c i\\ h \\ 2 H 2( 
Toth \\l 2 (n) 



1 



< eicn,/||A/i|| £a(n) + ^-||V<;||£ 6(n) ||rot/i|| 



where we used that ||V/i||^ 3 (q) < || V/i|||/ n N || V/t|||/QN < cj[| V/i||#i(q). The last inequality 
above is justified in light of Lemma |4.6| 



For the second term on the right-hand side in (5.9) we simply have 

INk(n)l|Vi;|U 6( n)||Afc|U 2(n) < e 2 \\Ah\\l 2{n) + — \\h\\ Lm \\h\\ 
The third term is estimated as follows 

2u r / rot9 ■ Ahdx <2v r \\rot9\\ L2 ,fy\\Ah\\ L2 rty < 2u r e 3 \\ Ah\\ 2 L (n) + ^||rot 9 
Jn ^ e 3 

Finally, for the fourth term we have 

J f>xa -&hdx < \\f, X3 |U 2 (n)l|A/i||t 2( n) < e 4 \\Ah\\l 2{n) + ^r\\f,x 3 III 
Setting e\cqj = £2 = £4 = § and £3 = 5 yields 

(5.10) \lf\™thfd X+ U 2 \\ml 2m <* CnJ 



2 

L 2 (n)- 



2(0)- 



2v 



IVuI 



rot 1 



lL 2 (f2) 

3 



2l/ll - l li2(n)ii"iii 6 (n)l|Vw||i 6(n) + fr||rot0||£ 2(n) + — 11/,^ 11 £a(n) 



< 



3c/ o 



Vu||l 6(n) ||rot^||| 2(n) + z/ r ||rot^||| 2(n) + —\\f, X3 



^ - 2v u ' x * ly ' 2 ( n )' 

where in the last inequality we used ||^||i, 2 (fi)||ft>||z, 6 (fi) < c /INI|-i(n) an d subsequently utilized 
Lemma 



4.2 



Since ||rot 0||x, 2 (n) — ^ll^ll/fifn) we from (5.10) 



1 d 



(5Jli idrl |rot/l|2d:E + i l|A/l ^ 



< 



2(H) 



(«) 



I rot /i| 



L 2 (n) 



+ 2t 'r||6 , |lHi(n) + ^ll/.ara lli 2 (Q)- 



In |Nowl2| Proof of Lemma 8.4] we established 



1 d 

2dt v./,. 



h 2 dx+ 1 ° 2 



£ 2 (fi)H"ll£3(fi) 



+ 



o 



i 2 (n)ii"iii 3 (n) 



+ ^11/ 



,23 \\L e (n) 



+ 



a 



10,2:3 II l 6 (n)- 
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Multiplying it by and adding to ( |5.11[ ) yields 



1 d 
2dt 



/ |rot /f + + dx) + l\\Ahf Lm + ^||fc[|^ (n) + 4M*H a fli(n) 

8z/ r C/n 2 2 , S^rC/^,, ||2 .. ||2 



8^c/,n .. ||2 8tvc/,Q 2 

+ ^ a II/.X3 11^(0) + a 2 H5,x 3 |lL fi (n) 



5 



+ 3 v 1 llv^ll! 6(f , ) l|rot/ l ||| 2(n) +2v r \\ef HHn) + ~\\u 3 f Lm . 

i i 

Interpolation between L 2 and Lq shows that ||/t||£, 3 (n) < ll*lli, 2 (n) H^Hwn) — c -f because 

1 K 1 — K 1 

- = 1 44> K = -. 

3 2 6 2 



In view of (4.4) we see that H/iH^im) < cj 1 1 rot 7i||£ 2 (nv Since 

ll^xslliefn) ^ c ^ll5,x 3 l|| 2 (n) 

5 

we get 



+ 2fr||e||^i (n) 

< (^llv,|l! 2( o) + ^llvc-llU + ^liv< ( „>) 



^VyCip, + 3a . 2 , 8i/ r c/ ; n n 2 

2i/a H-'^sHia(n)+ Q 2 H^allLa(n)- 



From (4.4) and natural embeddings it follows 
v 



In the same manner 

■II^IIhi(o) ^ — — ll /t IL 2 (o)> 



2i/r||e||^i (n) > 2^||C 2 (n)- 

Thus 



^lkot/ i ||! 2(fi) + ^||/ i ||! 2( a ) +2^||^||| 2(n) 



(||rot/ i ||i 2(n) + ^||/ i ||! 2(n) + 8 ^||^||! 2(n) 



v 

> 

4c n 



> 



||rot/ i ||i 2(n) +2ca^||/ i ||i 2(n) + 

min{z^, 2i/cn,a} / 2 8i/ r cn „, , |2 . 8 ^rCn nail > 



4c n 



Denote 



X(t) = ||totM*)HL(n) + ^IIM*)llL(n) + ^IIWIIW 
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Then (5.12) becomes 



1 d minO^W 



^ [| ia( n) + ^HI Vw lk(Q) + — HVv|| i6(n) J X(t) 



+ L ^ ll/^slliafn) + ^2 J,n |lf.*3lli a (n)- 



Let 



mm{u, 2ucn,a} 

Cl = ^ ' 

f 16i/ r cj o 16i/ r c/ o 6co / 

c 2 = max < , ^ — , 

[ va a L v 

( 16v r ci o + 3a 16i/ r cr o 

c 3 = max < , t. — 

[ va OL 

Then, the last inequality implies that 

- ( x(^)e Cl^_C2 ( /t o l|v,,(s)il ^( n ) +l|v " ;(s)l, ^ 

(S2) + H Vl, ( S )l!ig(f2) ds ) | 

< c 3 (H/,,3 ll! 2 (n) + llfell! 2 (n)) ^ (Jill^.)lli a cP)+llv««Bi aW ,+Bv, W ||i 6(n) 



cl.s 



Integrating with respect to t € (to, *i) yields 
X{t 



1 ) e ^*x-P«(/4 l l|Vt,(.)||» 2(n) +||V W (.)||i 2(I1) +||Vi,W||i 6(n) d a ) 



< C3 f (||/^(t)||i, (n) + II^WHLw) tell^«lll 2( a )+ l|V.WII| 2(n)+ l|V,( s)l |l 6(n) d S ) dt 

•/ to 

+ X(t )e cii0 . 

Since 

rt ||V«(«)lli a (n) + l|V^( S )||l 2(n) + ||V^( S )[|| 6CO) > 

to 

we get that 

x{tl) < C3e -=i*i+^(/4Mlv«Wlli 2(n) +||v^ 8 )||| 2(n) +||v«( s )||i 6(n) d^ 

"i e Cl * dt 



Jl/^(*)lll 2 (n) + ll^3(*)ll! 2 (a)) 
+ X(to)e~ cl(tl ~* o)+C2 ( /t o 1|,V ^ (s)ll ^( n ) +l|Vw(s)ll ^(«) +l|V ^ (s)ll '6(n) 
By assumption on f X3 and <7 jX3 we obtain 

(5.13) X(t x ) < C3e -^ t i + *Wll Vw Wlli a (n) + ll Vw Wlli a (n) + ll v <»)lli B (n) da ) 

• T e^e"^ dt (||/,, 3 (io)|l! 2( n) + ll^a(to)||! 2(n) ) 

+ X(t )e _Cl( * 1_ * o)+C2 ( / 'o l|V ^ (s),l ^( f2 ) +l|Vw(s)ll ^(") +l|V, ' (s)ll i6(n) 
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Next we estimate the integral with respect to t 

e -citi / e ci* e -(t-to) fa _ e -citi+lo / e HOL-l) ^ _ e -QL*i+*o c *(ci-l) 
./to 7<o Ci — 1 

= c -ci*l+*o Oi(ci-l) _ gto(ci-l) 

Cl — 1 V 

fg-citi+to i e ciii-ti = l e -(ti-to) f or c > i 

< J ci— 1 ci— 1 1 

— |g— citi+tp _l_ gCitp— to _ ^ 1 g— ci (U —to) £ Qr g^ ^ ^ 

Consider the quantity 

(5-14) f h \Nv(s)\\ 2 L2{Q) + ||Vu;( S )||| 2(n) + \\Vv(s)\\ 2 L6{n) d S . 

J to 

In view of Lemma 14,71 we see 

rti 

|| V't^Sjl . i T - .< ..\\\- .1 - - .-. 

'to 



HV«(s)||i a( n) + l|Vw(s)||i 3( n) ds < c^n^J*!) 



< 

ti 

to 



* H/(*)[lL(n) + II^WIIi a (n) ds + ll«(*o)[li a(n) + IK*o)U! 2{ n) 

to 

< / " e -(-*>) ds (||/(t )|lL(n) + UmUai) + IW*o)Hi 2 (o) + H«(*to)llL(n) 

< ll/(*o)||! 2( n) + lb(*o)Hi a(n) + lk(to)||! 2( Q) + \Ht )\\l m 



To estimate the last term in (5.14) we use the estimate from Theorem [2] 
l|V«(a)||| B( n) ds < c z || w || i 2(t0 , tl C"» - ^H^ll^ 1 ^!) 

(E v>UJ (h) + # M (ii) + Hf 11^(0*1) + ||v(*o)||jfi(n) + 1 



'to 

< 

By assumption on /, g, their derivative with respect to X3 we see that 
E v ,Uh) + E hfi (tx) < cn(\\v(t )\\ H i (Q) + ||w(*o)|| H i (n ) + ||/(i )IU 2 (n) + ||£?(*o) IU 2 (n) 

+ ll/,^ (*o)IU 2 (n) + ||^(<o)IU 3 (n)) 

Thus, 

l|V«(s)||| 8(n) ds < [\\v(t )\\ m{n) + ||a;(to)||^(n) + ll/(*o)lk 2 (n) + ll<?(*o)lk 2 (n) 

to 

+ ll/,«B3(*o)llL a (n) + k a . 8 (*o)||L a (n) + l 

and therefore for t\ large enough we have 

rh 

- min{l, Cl }(h - t ) + c 2 / \\Vv(s)\\l 2(n) + ||Va,(»||£ 2(n) + ||Vu(a)||^ (n) ds < 0, 

J to 

which combined with (5.13) implies that 

(ti)X(t ), 

where the function Ca,w r ,l PCiiti) has the property 

lim Caw 1 pn{t\) = 0. 
ti— yoo 

From the above inequality we immediately get that 

|2 1 \\UU Ml2 i \\Qf+ M|2 



mm < 1, 



a 



11^/^)11^ + ||M*l)ll(0) + 11^1)111,(0) 
8u r c n 



< c a ,,,, r ,/,P,nmax I 1, I (||rot^(* )||i a(n) + [IM*o)ll£ 2 (fi) + ll (*o)ll! 2 (n)) 
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For t\ > t* the inequality yields 
\\™th(t 1 )f Lm + \\h(t 1 )\\l m + 



\L 2 (Cl) 



< ||rotM^o)[lL(o) + ll^(*o)||| 2( n) + ll^(*o)|l! 2( Q), 
which is our claim. □ 

Proof of Theorem [1} From Lemma |5.4| it follows that 
sup (||rot/i(fcT)[|i a(n) + \\h(kT)\\l 2(n) + \\e(kT)\\l 2m ) 

k v ' 

<[|totfc(0)||i a(n) + ||fc(0)[|| 9(n) + 115(0)11^. 



By assumption 



su -P\\f,x 3 \\L 2 (nx(kT,(k+l)T)) < °0, 
k 

sn P\\9,x a \\L 2 (nx(kTXk+l)T)) < °°- 
k 



Thus, we set 



sup 5(kT) < 5(0) =: 5. 

k 

Let to = 0) t\ = T. In view of Theorem [2] with 5 we get the existence of regular solution on the 
interval [0, T]. Lemma [5 . 2 1 yields the inequality 

\H T )\\m(n) + \HT)\\ 2 Hl[n) < |K0)||| 1(n) + \\ U ( 



2 



for T > sufficiently large. It allows us to use Theore m [2 



with the initial conditions v(T), u(T) 
it follows that 



and with 5 on the time interval [T, 2T\. From Lemma 5.2 

\\v(2T)f H1{n) + |K2T)||^ X(Q) < \\v(T)f H1{n) + \\u(T)f H1{n) , 

which in view of previous estimate provides us with regular solution on the interval [0,2T]. 
Reiterating this procedure yields the existence of regular solution on [0, kT]. Passing with k up 
to infinity provides the global existence. □ 
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